Abstract -Active charge balancing is an approved technique to implement more energy-efficient and eco-friendly lithium-ion battery systems. The theoretical analysis presented in this paper provides a method to estimate the benefits of a cell-to-cell-type active charge balancing circuit in comparison to a passive balancing solution concerning energy savings and capacity gain. The calculation's variable parameters are the battery system configuration and the cell capacity distribution properties. Their validity is limited to applications with normally distributed cell capacities, limited maximum and minimum cell capacity and full cycle usage. The losses related to passive balancing in an nSmP battery system are calculated as well as the overall energy savings achievable with cell-to-cell based active balancing. The capacity gain factor of an actively balanced battery system related to a passive one is found to be in a range between 1.06 and 1.01 depending on the cell parameters and the system configuration. The derived formulas are verified by numeric simulations. Based on the results, several options are identified to increase the energy efficiency of conventional passive balancing systems. The findings can be used during the design process of new battery systems or to analyze and optimize any existing lithium-ion battery system.
I. INTRODUCTION
For lithium-ion battery systems, the use of an electronic battery management system (BMS) is essential for safety and operational reasons. It prevents cell failures caused by overcharging or deep discharging, monitors the temperature, and calculates the state of charge (SoC).
Individual battery cells in a stack of multiple cells in series tend to vary in capacity, which leads to a reduced overall battery capacity as weak cells reach charge and discharge limits earlier. As long as large battery systems consisted mainly of lead-acid or NiCd/NiMH cells uneven charge distribution was a minor issue. Overcharging these cells with the usual low charging currents would lead to a relatively harmless increase in charging losses. Lithium-ion cells, however, are much more sensitive to overvoltage. Therefore, a BMS with charge balancing function is required to prevent the battery system from damage and premature battery failure. The balancer ensures that each cell is completely charged.
Passive balancing is based on a resistive circuit to dissipate excess charge and thereby equalize the cells. Major drawbacks of passive balancing are a rather high balancing time due to the limited heat dissipation and a reduction in overall charging efficiency. Nowadays, as the demand for large lithium-ion based battery systems emerges, these drawbacks become more important to both battery system integrators and end-users.
Active balancing solutions are able to transfer charge between individual cells at high efficiency and have been discussed extensively during the past few years. They represent a promising possibility to enhance the energy efficiency and eco friendliness of lithium-ion battery systems when used both during the charging and discharging process. In Fig. 1 the basic process is shown for both charge and discharge process. For a general topology overview see [1] and [2] . For information regarding hardware effort and performance comparison refer to [3] , [4] or [5] . Commonly, four basic topologies are distinguished: Cell-to-cell, cell-to-stack, stackto-cell and stack-to-cell-to-stack, which is a combination of the previous two. Apart from these standard topologies other circuits and types have been proposed in [6] , [7] and [8] . The main feature of active balancing is the efficient charge transfer from cells with high SoC to cells with low SoC. In Fig. 2 the four main topologies are shown. The cell-to-null method describes the common implementation of passive balancing through resistive dissipation. In a comparison presented in [3] the cell-to-cell topology shows superior performance compared to any other active balancing methods in terms of balancing speed and efficiency. Cell-to-cell balancers are technically challenging due to the numerous power paths. Current and hence power flow in a cell-to-cell balanced battery system can be calculated easily. Assuming identical cell voltages, the cell current vector ⃗ can be expressed as a function of the stack current , the individual cell balancing currents ⃗ , the energy efficiency of the balancing electronics and the balancing matrix A which defines the balancing paths:
The distribution of the battery cell capacities must be known to make a statement about charge imbalance in lithium-ion batteries. Measurements published in [9] support the assumption that battery cell capacities are normally distributed (see Fig. 3 ). Cells with a deviation of more than approximately -2.75σ do not show up in the histogram in Fig. 3 since they fail the factory quality test and are not shipped. Fig. 3 . Distribution of cell capacities at Beginning of Life (BoL) (20'000 measured cells, σ = 1.3%) [9] In section II, the distribution of cell capacities is described analytically. Based on the information presented in this introduction and using the new findings, formulas for the charge imbalance in a battery systems and its behavior over the lifetime are derived to allow a comparison of passive and active charge balancing.
II. CALCULATION OF THE BALANCING CHARGE

A.
Capacity distribution We assume that the battery cell capacities are normally distributed acc. to the Gaussian density function with the variables μ = mean and σ = standard deviation:
The mean value E and the expected value μ are identical for symmetric functions:
The cumulative density function F cannot be calculated analytically. It is defined as the integral of the density function
For the further calculations the inverse of the cumulative density function ( ) is needed. To support a realistic analysis, the density function of the battery cell capacities is not assumed exactly Gaussian but cut at each side at kσ and rescaled to fulfill the equation in (5) and (6):
This is a necessary adaption to prevent extreme capacity values being considered in the calculation.
With μ and σ being the mean value and the standard deviation of the deployed cell, it is assumed that the capacity range of all cells is within μ ± kσ.
The integral of the density function is hence defined as
The two density functions ( ) and * ( ) are shown in Fig. 4 (for μ = 10 Ah, σ = 0.15 Ah and k = 2). nS1P Battery systems First the variable k is calculated as a function of the number of cells n. The density function margins μ ± kσ are defined such that the probability for a cell having a capacity value between −∞ and μ-kσ is 1/n, hence = .
During passive balancing, charge is dissipated from cells that are close to their maximum charging voltage. This process lasts until the strongest cell has reached its maximum charging voltage. For a battery system with an nS1P configuration (n cells in series, 1 cell in parallel), the charge difference ∆ of a cell with a capacity of Ah in relation the strongest cell is given as:
The total balanced charge of all cells can be calculated as follows:
Using (3) and (6), (9) can be simplified to
The energy losses during charging due to passive balancing for an nS1P battery system sum up to
UBal_avg is the average voltage of the affected cell during the balancing process. For lithium-ion cells, in most applications UBal_avg will be around 4.0 V.
C.
nSmP Battery systems For battery systems with more than one cell on each stack level (nSmP), the calculation has to be adjusted.
Acc. to probability theory basics (see [10] ) the resulting mean and standard deviation for independent random variables are = and = √ . Using μ' and σ' instead of μ and σ in (2), the density function becomes
In line with (7), the total balanced charge can be written as
Using (3) and (6), (13) can be simplified to
The energy losses during charging due to passive balancing for an nSmP battery system sum up to
III. CALCULATION OF ACTIVE CHARGE BALANCING PERFORMANCE
A. Energy savings If active balancing is used instead of passive balancing, a considerable share of the equalizing losses is avoided. An overall charge transfer efficiency of around 80% can be derived from active balancing prototype measurement data (see [11] , [12] and [13] ) and will be used for numeric calculations below. Using the energy efficiency variable η, it follows that the energy losses during charging due to active balancing are
The balancing effort of a battery system increases with its lifetime as the cell capacities drift apart. Varying operation conditions lead to inhomogeneous aging of individual cells. While the capacity mean value decreases, the standard deviation of the cells increases.
B.
Capacity gain The following equations refer to nSmP battery packs. For nS1P configuration, m can be set to 1.
The lifetime of a battery pack is usually defined as a minimum remaining capacity in relation to the initial capacity (between 70 and 80 percent for most applications). The weakest cell -or cell level in case of more than one parallel cell -in a battery system determines the effective capacity which is in our case
If active balancing is performed during discharge as well, the useable capacity can be increased. For an actively balanced battery pack this capacity value _ depends on the efficiency and power of the balancing electronics and can get as high as Fig. 5 and Fig. 6 show the effective capacity of a passive respectively active balancing system in terms of cell properties and system configurations. 
IV. NUMERIC SIMULATION
A. Simulation settings The numeric simulations were done using MATLAB. The cell capacity values are randomly generated as a function of the chosen cell parameters and stored in an array. These values are processed acc. to the balancing algorithm shown in Fig. 7 : First, the difference of each cell related to an estimated resulting mean value is calculated, based on the balancing efficiency and effort. Then the balancing algorithm decides whether to charge or discharge the cell. After one run, the standard deviation of all cells is computed. This sequence repeats until the deviation reaches less than 0.2σ0. After 1000 simulations of each parameter set, the mean value of all individual simulation results is computed. Fig. 8 and Fig. 9 show the results of the simulation in comparison with the calculated values. In Fig. 8 , the number of parallel cells is varied from 1 to 10 whereas in Fig. 9 , the standard deviation of the cell capacities is varied from 1 % to 3 %. The overall deviation between simulation and calculation is 0.13 % for Fig. 8 and 0.31 % for Fig. 9 . It is explained as a consequence of the iteration steps of the balancing algorithm.
A. Simulation results
The calculated values represent the maximum achievable capacity gain. It has been shown that the theoretical advantages of active charge balancing in battery systems can be calculated analytically with knowledge of just few cell parameters and the energy efficiency of the active balancing electronics. The achievable capacity gain is a direct consequence of the differences in effective battery capacity for passive and active balancing systems. The behaviour of a cell-to-cell balancing circuit has been simulated in MATLAB for the given battery system settings. The simulation results support the correctness of the derived equations.
The presented results are applicable for balancing circuits based on the cell-to-cell topology, which has been selected for its superior performance in terms of balancing speed and efficiency. An adaption to other topologies mentioned in section I will be a future addition to the present analysis. Due to the fact that the capacity spread of lithium cells increases over lifetime, active charge balancing has the biggest impact in combination with used and nonuniformly aged cells.
As a result of the obtained equations, several options to improve the energy efficiency of passively balanced battery systems can be derived:
Equations (11) and (15) show that the balancing losses are reduced when more than one cell per level is used in a battery system (nSmP instead of nS1P).
Presorted cells have a lower σ and lead to fewer balancing losses according to (11) and (15).
Regarding (11) , losses can be reduced if the balancing action is performed not only at the end but rather during the charging process at a lower average cell voltage.
Uniform operating conditions for all cells shall be ensured to prevent excessive capacity spread over working cycles and lifetime.
Active balancing represents a promising possibility to enhance the energy efficiency and eco friendliness of lithiumion battery systems when used both during the charging and discharging process. Further investigations should be made for battery systems that are not operated in full cycles. Furthermore, cell production is not the only reason for cell capacity variances. Temperature differences that occur during battery operation affect the capacity distribution as well as the aging behavior and shall be considered in future work. 
